APPROXIMATE EXPANSION FOR FUNCTION THEORETIC REPRESENTATION OF SOLUTIONS OF THE HELMHOLTZ EQUATION
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Mark D. i. This document is based on a presentation qiven at the American Mathematical Society National Meeting, New Orleans, Louisiana, January 1986.-, We start from a function theoretic (transmutation) reoresentation of the solutions of the class of Helmholtz equations that have izoefficients That vary in one direction and satisfy a radiation condition in orthogonal directions. The kernal of the required transmutation operator satisfies a mixed Cauchy-Gorsat problem for a hyperbolic partial differential equation in two variables. We present an expansion of the kernal function that can be truncated to produce approximations that are suitable for applications of the desired transmutations, and we compare to other approximation techniques. We are looking for a transmutation of the form
DISTRIBUTION/AVAILABIUTY OF
where the kernel function K(z,s) must be determined. We substitute the transmutation into the ordinary differential equation for the separate-variable coefficient Helmholtz equation, and this yields a partial differential equation for the kernel function K(z,s)
Although this may seem to be stepping backwards niurter going through the trouble of reducing the Helmholtz equation to an ordinary differential equation problem we will demonstrate a method of approximating the kernel b: iterative integrals. 
FOR EXAMPLE, SUPPOSE
az VUGRAPH 3
We now invoke our boundary conditions for the Helmholtz equation with variable coefficients. We ask that the pressure goes to zero at the surface of the ocean (a pressure release condition), which is 0(0)-0, and that the boundary beneath the ocean and its bottom at the depth zb be rigid, which is the condition 0'(Zb)-O. We impose a similar bottom boundary condition on the solutions of the Helmholtz equation with constant coefficients. Combining this with the given transmutation we obtain two additional constraints on the kernel function K(z,s),
These two conditions and the partial differential equation for K(z,s) are sufficient to uniquely determine the kernel function. 
We have now obtained explicit formulas for the power series expansion of thekernel K(z,s) in the parameter e.
EXPAND IN SERIES IN E O(Z)
We also expand in power series in the parameter c: 1) the solution of the depth dependent part of the Helmholtz equation with constant coefficients, 2) the solution of the depth dependent part of the separated Helmholtz equation with variable coefficients and 3) the constant X. 
az
ITS EXPANSION IS
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VUGRAPH 7
By examiningthe surface boundary condition we see that in general the transmutation does not allow the surface boundary condition for the separated Helmholtz equation with constant coefficients to be identical to that for the problem with variable coefficients i.e. 0(0)?,0.
Therefore we define a new function
and see that this function does satisfy the same boundary conditions as O(z). We then expand this new function in power series in e.
ORDER Eo:
ORDER E:
,(2)t + (k
Substituting 9(z) into the ordinary differential equation for the depth dependent part of the Helmholtz equation with constant coefficients and isolating the terms with corresponding powers in e we obtain a sequence of ordinary differential equations each with the same boundary conditions as the original problem.
For the 0 tn order term it is well known that this homogeneous ordinary differential equation has a set of solu tons (normalized sine functions) for We obtain the value of the constant 0(I)(0) by using the power series expansion in the transmutation equation and evaluating at z=0, this gives
We next give aneplicit formula for X(i) in terms of the known expressions for X(0) , 0(0), ( )(0) and the expansion of the kernel function.
Integrating by parts and making a change of variables we can show that the result reduces to 
We substitute the function 9(1) into the equation that determines and use this with the transmutation to determine the first order in f coefficient of the power series expansion of 0. We ask that this solution of k to first order in e be L 2 normalized.
It is this normalization constraint that allows us to give a unique, explicit formula for the first order coefficient. 
VUGRAPH 12
We compare this transmutation result to the classical result ot Titchmarsh where this coefficient is given only in terms of an infinite Fourier series.
This points to an important difference between the two approaches. III practical application both approaches may suffer inaccuracy due to truncation -f the power series in e; however the transmutation method does not suffer from any error due to truncation of an infinite Fourier series expansion. The transmutation term is in fact the evaluation of the infinite sum.
